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In this Letter, we analytically explore the effect of the Hawking radiation on the quantum correlation and
Bell non-locality for Dirac particles in the background of Schwarzschild black hole. It is shown that when
the Hawking effect is almost nonexistent, corresponding to the case of an almost extreme black hole, the
quantum properties of physically accessible state are the same for the initial situation. For ﬁnite Hawk-
ing temperature T , the accessible quantum correlation monotonously decreases along with increasing T
owing to the thermal ﬁelds generated by the Hawking effect, and the accessible quantum non-locality
will be disappeared when the Hawking temperature is more than a ﬁxed value which increases with
the parameter r of Werner state growing. Then we analyze the redistribution of quantum correlation,
and ﬁnd that for the case of the Hawking temperature being inﬁnite, corresponding to the case of the
black hole evaporating completely, the quantum correlation of physically accessible state is equal to the
one of the inaccessible states. Moreover, due to the Pauli exclusion principle and the differences between
Fermi–Dirac and Bose–Einstein statistics, for the Dirac ﬁelds the accessible classical correlation decreases
with increase of the Hawking temperature, which is different for the scalar ﬁelds. For Bell non-locality,
we also ﬁnd that the quantum non-locality is always extinct for physically inaccessible states, and the
strength of the non-locality decreases with enlarging intensity of Hawking effect when the non-locality
is existent in physically accessible state.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
Recently, the quantum information theory in the relativistic
framework has received considerable attention because it is signif-
icant for the theoretical physics [1]. In particular, more and more
efforts have been expended on the research of quantum entan-
glement in the noninertial frame due to its important features in
developing the idea of quantum information tasks [2–7]. For exam-
ple, Ling et al. calculated the entanglement of an electromagnetic
ﬁeld in noninertial reference frames [8]. Adesso et al. investi-
gated the distribution of entanglement between modes of a free
scalar ﬁeld from the perspective of observers in uniform accelera-
tion [3]. Pan et al. provided an analysis of the entanglement for the
scalar ﬁeld in the background of an asymptotically ﬂat static black
hole [9]. More recently, Iizuka and Kabat computed the mutual in-
formation of two Hawking particles emitted consecutively by an
evaporating black hole [10]. It is obvious that these investigations
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SCOAP3.not only are helpful in understanding some of the key questions
in quantum information, but also play important roles in study of
the entanglement entropy and information paradox of the black
holes [11–19].
Here, the effect of Hawking radiation [20] on quantum cor-
relation and Bell non-locality of Dirac particles in Schwarzschild
space–time are investigated. We focus our attention on ﬁnding
some rules about the quantum correlation and Bell non-locality.
In order to illustrate the problem conveniently, our scheme is
proposed in a situation where two observers, Alice and Bob
share a generically entangled state at the same initial point in
ﬂat Minkowski space–time. At the moment, Alice remains at
the asymptotically ﬂat region but Bob freely falls in toward a
Schwarzschild black hole and locates near the event horizon.
We choose generically Werner state due to that Werner state
contains entangled state and separated state. We will minutely
investigate the behaviors of quantum correlation and Bell non-
locality in this case.
The outline of the Letter is as follows. In Section 2, we review
the vacuum structure and Hawking radiation for Dirac ﬁelds in
Schwarzschild space–time. In Section 3, we investigate dynamicsunder the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by
2 S. Xu et al. / Physics Letters B 733 (2014) 1–5of quantum correlation and Bell non-locality in background of
Schwarzschild black hole in detail. Finally, we summarize and dis-
cuss our conclusions in the last section.
2. Vacuum structure and Hawking radiation for Dirac ﬁelds in
Schwarzschild space–time
For the Schwarzschild space–time, the Dirac equation [21]
[γ aeμa (∂μ + Γμ)]ψ = 0, can be given as
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where the parameter M represents the mass of the black hole,
and we consider G , c, h¯ and κB as unity in this paper for sim-
plicity. Then, by solving this equation, we can obtain the positive
(fermions) frequency outgoing solutions for the outside and inside
region near the event horizon [22]
ψk(r > r+) = e−iωu,
ψk(r < r+) = eiωu, (2)
where
 =
[
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(r4 − 2Mr3)−1/4φ∓jm(θ,ϕ)
]
is a 4-component Dirac spinor [23] with spinor angular harmonics
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ω is a monochromatic frequency of the Dirac ﬁeld, u = t − r∗ and
r∗ = r + 2M ln[(r − 2M)/(2M)] is the tortoise coordinate. Parti-
cles and antiparticles will be classiﬁed with respect to the future-
directed time-like Killing vector in each region.
On the other hand, we introduce the generalized light-like
Kruskal coordinates for the Schwarzschild black hole, and ﬁnd a
complete basis for positive energy modes by making an analytic
continuation for Eq. (2) according to the Damour–Ruﬃni sugges-
tion [24]. By utilizing this complete basis and another complete
orthogonal basis, which consist of ψk(r > r+) and ψk(r < r+),
to quantize the Dirac ﬁelds, we can get the decomposition of the
Dirac ﬁelds in the Kruskal and Schwarzschild modes respectively.
Then the Bogoliubov transformations [25] between the creation
and annihilation operators in the Schwarzschild and Kruskal co-
ordinates can be obtained. After properly normalizing the state
vector, the vacuum state of the Kruskal particle for mode k can
be expressed as
|0〉K =
(
e−ωk/T + 1)−1/2 exp[e−ωk/2T aI+k bII+−k ]|0k〉+I |0−k〉−II
= (e−ωk/T + 1)−1/2|0k〉+I |0−k〉−II
+ (eωk/T + 1)−1/2|1k〉+|1−k〉−, (3)I IIwhere T = 18πM is the Hawking temperature [23], mode k is spher-
ical harmonics with ﬁxed values of the orbital angular momen-
tum l and the total angular momentum j, {|nk〉+I } and {|n−k〉−II }
correspond with the orthonormal bases for the outside and inside
regions of the event horizon respectively, and the superscript on
the kets {+,−} indicate the particle and antiparticle vacua. It is
worth mentioning that the states |0〉 and |1〉 refer to the modes
of population number. Besides, in the same way, the only excited
state can be given as
|1〉K = |1k〉+I |0−k〉−II . (4)
Hereafter, we consider {|nk〉+I } and {|n−k〉−II } as {|n〉I } and {|n〉II}
respectively for simplicity.
3. Dynamics of quantum correlation and Bell non-locality for
Dirac particles in the Schwarzschild space–time
In this Letter, in order to illustrate the problem conveniently,
we assume a situation that Alice and Bob share a generically en-
tangled state at the same initial point in ﬂat Minkowski space–
time. It is worth noticing that the Earth can be seen as an asymp-
totical region approximatively because the standard quantum ﬁeld
theory works ﬁne for the earthbound experiments. Moreover, Al-
ice has a detector which only detects mode |n〉A , and Bob has his
detector sensitive only for mode |n〉B . At the moment, Alice re-
mains at the asymptotically ﬂat region but Bob freely fall in toward
a Schwarzschild black hole and locates near the event horizon.
We choose generically Werner state [26]
ρW = r|Ψ −〉〈Ψ −| + 1− r
4
I ⊗ I, (5)
where |Ψ −〉 = (|01〉 − |10〉)/√2, I ⊗ I is a maximally mixed state,
I is the single-qubit identity operator and the parameter r ∈ [0,1].
3.1. Quantum correlation
At ﬁrst, we present a brief review of quantum discord which is
introduced in Ref. [27] aiming to characterize all the non-classical
correlations, i.e., quantum correlations in a bipartite state. The
deﬁnition of QD is based on quantum mutual information that
contains both classical and quantum correlations. For a bipartite
system ρ AB , the quantum mutual information can be expressed as
I
(
ρ AB
)= S(ρ A)+ S(ρB)− S(ρ AB), (6)
where S(ρ) = −Tr(ρ log2 ρ) is the von Neumann entropy and
ρ A(B) = TrB(A)(ρ AB) corresponds to the reduced density operator
of subsystem A(B). The QD is deﬁned as [28]
Q
(
ρ AB
)= I(ρ AB)− CC (ρ AB), (7)
where CC (ρ AB) denotes to the classical correlation that depends
on the maximal information obtained with measurement on one
of the subsystems and can be written as
CC
(
ρ AB
)= S(ρ A)− min
{Π Bk }
S
(
ρ AB
∣∣ {Π Bk }), (8)
here, {Π Bk } is a complete set of positive-operator-valued mea-
surements (POVM) preformed on subsystem B , S(ρ AB |{Π Bk }) =∑
k pk S(ρk) is the quantum conditional entropy, pk = Tr(AB)[(I ⊗
Π Bk )ρ
AB(I⊗Π Bk )] is the probability, and ρk = 1/pk(I⊗Π Bk )ρ AB(I⊗
Π Bk ) is the conditional density operator.
On the other hand, utilizing Eqs. (3) and (4), we can rewrite
Eq. (5) in terms of Minkowski modes for Alice and black hole
S. Xu et al. / Physics Letters B 733 (2014) 1–5 3Fig. 1. (Color online.) The QD and classical correlation as a function of Hawking temperature T with the ﬁxed ωk for different r.modes for Bob. Since the exterior region is causally disconnected
from the interior region of the black hole, we will obtain the phys-
ical accessible reduced mixed density matrix between Alice and
Bob by taking the trace over the state in interior region
ρABI = (1− r)κ2/4|00〉〈00| +
[
(1+ r) + ν2(1− r)]/4|01〉〈01|
+ (1+ r)κ2/4|10〉〈10| + [(1− r) + ν2(1+ r)]/4|11〉〈11|
− rκ/2(|01〉〈10| + |10〉〈01|), (9)
where κ = (e−ωk/T + 1)−1/2 and ν = (eωk/T + 1)−1/2. Then, in or-
der to obtain the minimum conditional entropy of subsystem A,
we take a complete set of projective measurements {Π B Ik =|Bk〉〈Bk|,k = 1,2} on subsystem B I , where |B1〉 = cos(μ/2)|1〉 +
eiβ sin(μ/2)|0〉, |B2〉 = sin(μ/2)|1〉 − eiβ cos(μ/2)|0〉, 0 ≤ μ ≤ π/2
and 0 ≤ β < 2π . After the measurement, the probability pk and
the two eigenvalues of the corresponding ρk are given by
pk =
[
1+ (−1)k(1− κ2) cosμ]/2, (10)
and
λ±(ρk) = (1± √χk/pk)/2, (11)
where χk = cos2 μ[1− (1− r)κ2/2− (1+ r)ν2/2− (1− r)/2]2/4+
r2κ2 sin2 μ/4. Due to λ+(ρk) + λ−(ρk) = 1, the entropy of ρk can
be written in terms of its eigenvalue as
S(ρk) = f
(
λ+(ρk)
)
, (12)
where function f (x) is deﬁned as f (x) = −x log2 x−(1−x) log2(1−
x). Now, the quantum conditional entropy can be given by
S
(
ρ ABI
∣∣ {Π B Ik })= p1S(ρ1) + p2S(ρ2).
The minimum conditional entropy can be performed by setting its
partial derivatives with respect to μ and β . Through mathematical
calculations, we can obtain the expression of the minimum condi-
tional entropy
min
{Π Bk }
S
(
ρ AB
∣∣ {Π Bk })= min(ξ1, ξ2), (13)
where ξ1 = f ( 1+rκ2 ) and
ξ2 = −
[
(1− r)κ2/4] log2[(1− r)κ2/4]
− [(1+ r)/4+ (1− r)ν2/4] log2[(1+ r)/4+ (1− r)ν2/4]
− [(1+ r)κ2/4] log2[(1+ r)κ2/4]
− [(1− r)/4+ (1+ r)ν2/4] log2[(1− r)/4+ (1+ r)ν2/4]
+ f (κ2/2).At last, inserting the minimum conditional entropy into Eqs. (7)
and (8), it is easy to get the explicit expressions of classical corre-
lation and QD.
Fig. 1 shows how the Hawking temperature T would change
the properties of the quantum and classical correlation. When the
Hawking effect is nonexistent, corresponding to the case of an al-
most extreme black hole, the quantum correlations are equal to
initial situation whatever the parameter r is. For ﬁnite Hawking
temperature, the monotonous decrease of quantum correlation can
be obtained with increasing T owing to the thermal ﬁelds gen-
erated by the Hawing effect. This result complies with inchoate
argument of Hawking [11,14], which presented that the smaller
black holes have a higher temperature and so the radiation of them
is more violent than massive black holes. Fig. 1 also shows that
the classical correlation for the Dirac ﬁelds also decreases with the
Hawking temperature increasing, which is different for the scalar
ﬁelds, where the classical correlation is uncontrolled for the Hawk-
ing effect. This phenomenon is due to the Pauli exclusion principle
and the differences between Fermi–Dirac and Bose–Einstein statis-
tics.
In order to better understand where the lost quantum corre-
lation go, we suppose that the disappeared entanglement is dis-
tributed to the physical unaccessible region because the existence
of Hawking effect make the mode of Bob divide into mode |n〉B I
and |n〉BII . So, we calculate the correlation of other possible bipar-
tite divisions which are physically unaccessible. Tracing over the
modes in exterior region and in A respectively, we can obtain
ρABII =
[
(1− r)κ2 + (1+ r)]/4|00〉〈00| + ν2(1− r)/4|01〉〈01|
+ ν2(1+ r)/4|11〉〈11|
+ [(1+ r)κ2 + (1− r)]/4|10〉〈10|
− rν/2(|00〉〈11| + |11〉〈00|) (14)
and
ρB I BII = κ2/2|00〉〈00| + ν2/2|11〉〈11| + 1/2|10〉〈10|
− κν/2(|00〉〈11| + |11〉〈00|). (15)
It is worth mentioning that the quantum properties between B I
and BII have nothing to do with parameter r, due to that the
initial subsystem of Werner state which can be obtained by trac-
ing over another subsystem is already independent of the pa-
rameter r. Moreover, in Fig. 2 we plot the redistributions of the
quantum correlations, which show how the Hawking temperature
changes all the bipartite correlations. For lower Hawking temper-
ature, modes A and B I remain almost maximally correlated while
there is little correlation between modes B I and BII and between
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ing temperature with parameter r = 1.
modes A and BII . As the intensity of Hawking effect grows, the
accessible correlation between modes A and B I decreases, while
the inaccessible correlation between modes B I and BII and be-
tween modes A and BII increase. Consequently, the original quan-
tum correlations between Alice and Bob are redistributed among
the mode A depicted by Alice, the mode B I depicted by Bob
and the complementary mode BII . Therefore, as a consequence
of the monogamy of quantum correlations, the physically acces-
sible quantum correlations between the two modes depicted by
Alice and Bob can be reduced. In addition, we also ﬁnd that when
the Hawking temperature is inﬁnite, corresponding to the case of
the black hole evaporating completely, the quantum correlations
of ρABI and ρABII are identical.
3.2. Bell non-locality
Bell-type inequality, as an index for quantum non-locality, has
many famous promotional forms. Due to that the style of Clauser–
Horne–Shimony–Holt (CHSH) inequality is more concise and sym-
metrical than other forms of Bell-type inequality, we restrict our-
selves to the CHSH inequality here. In particular, the violation of
Bell–CHSH inequality in two-qubit system requires entanglement,
but not vice versa, i.e., there are entangled states which do not vi-
olate the CHSH inequality. That is, in the case of mixed states like
Werner state, the situation about CHSH inequality becomes more
complicated [29]. The Bell operator associated with the CHSH in-
equality can be formulated in the following form
BCHSH = a · σ ⊗
(
b+ b′) · σ + a′ · σ ⊗ (b− b′) · σ , (16)
and its expected value is maximized over real-valued three-
dimensional unit vectors a, a′ , b and b′ . Then the well-known
CHSH inequality can be written as
∣∣〈BCHSH〉∣∣= ∣∣Tr(ρBCHSH)∣∣≤ 2. (17)
According to the Horodecki criterion [30,31], for X states, the max-
imum violation of CHSH inequality can be simpliﬁed to
BmaxCHSH
(
ρx
)= max
a,a′,b,b′
Tr
(
ρxBCHSH
)= 2
√√√√ 3∑
i=1
t2i − λmin, (18)
where ti = Tr[ρx(σi ⊗ σi)] are the components of the correla-
tion tensor in the Bloch representation, and λmin = min{t21, t22, t23}.
Through some calculations, we have the mathematical formulas of
the Bmax of all bipartite states as followsCHSHFig. 3. (Color online.) Contour plot of BmaxCHSH(ρABI ) versus Hawking temperature and
parameter r. The shallowest colored region corresponds to the quantum non-local
states.
BmaxCHSH(ρABI ) = 2
√
max
{
2κ2r2,
1
4
(
κ2r + r − ν2r)2 + κ2r2}, (19)
BmaxCHSH(ρABII ) = 2
√
max
{
2ν2r2,
1
4
(
κ2r − r − ν2r)2 + ν2r2}, (20)
BmaxCHSH(ρB I BII ) = 2
√
2|κν|. (21)
As discussed above, it is worth noting that no matter what
the Hawking temperature and parameter r are, the values of
BmaxCHSH(ρABII ) and B
max
CHSH(ρB I BII ) are always in the range of 0 and 2.
That is, the quantum non-locality is extinct between modes B I
and BII and between modes A and BII . This indicates that uti-
lizing non-locality to obtain the quantum information within the
black hole becomes more hopeless. In addition, from the con-
tour plot of BmaxCHSH(ρABI ) shown in Fig. 3, we can obtain some
conclusions as follow: (i) When the Hawking effect is close to
nonexistent, corresponding to the case of an almost extreme black
hole, the physically accessible states violate the CHSH inequality
if and only if 1/
√
2 < r ≤ 1; (ii) With the intensity of Hawking
effect grows, the non-local region become more and more small,
and in case of 1/
√
2 < r < 1, it have a boundary line for quan-
tum non-locality. That is, the quantum non-locality will be disap-
peared when the Hawking temperature is more than a ﬁxed value
which increases with the parameter r of Werner state growing. Es-
pecially, when r = 1, corresponding to the one of the maximum
entangled states, the quantum non-locality always existent what-
ever the Hawking temperature is. After further analysis, we also
ﬁnd that the strength of non-locality decreases with the intensity
of Hawking effect enlarging, because the non-locality is one of the
performances of quantum correlation.
4. Summary
In this Letter, we have analytically investigated the effect of
the Hawking radiation on the quantum correlation and Bell non-
locality between two modes of a Dirac ﬁeld, which are detected
by Alice who stays stationary at an asymptotically ﬂat region and
Bob who locates near the event horizon in the background of
Schwarzschild black hole. Alice and Bob shared a generically en-
tangled initial state, Werner state. It is shown that for the phys-
ically accessible state, when the Hawking effect is nonexistent,
corresponding to the case of an almost extreme black hole, the
quantum correlation is equal to the initial situation whatever the
parameter r is, and it violates the CHSH inequality if and only if
1/
√
2< r ≤ 1. For ﬁnite Hawking temperature, the accessible quan-
tum correlation decreases monotonously as increasing T owing to
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ble quantum non-locality will be disappeared when the Hawking
temperature more than a ﬁxed value which increases with the pa-
rameter r of Werner state growing. It is also shown that due to the
Pauli exclusion principle and the differences between Fermi–Dirac
and Bose–Einstein statistics, the accessible classical correlation for
the Dirac ﬁelds also decreases with the Hawking temperature in-
creasing, which is different for the scalar ﬁelds. Then we analyzed
where the lost physically accessible quantum correlations go, and
ﬁnd that they are redistributed to all the bipartite states. Moreover,
it is found that when the Hawking temperature is inﬁnite, corre-
sponding to the case of the black hole evaporating completely, the
quantum correlations of ρABI and ρABII are identical.
In addition, for Bell non-locality, we also obtain other conclu-
sions as follows: (i) The quantum non-locality is always extinct be-
tween modes B I and BII and between modes A and BII; (ii) When
r = 1, corresponding to initial state is one of the maximum en-
tangled states, the quantum non-locality always exist whatever
the Hawking temperature is; (iii) When the non-locality exists, its
strength decreases with enlarging intensity of Hawking effect.
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